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Abstract 

In paper found conditions that guarantee that solution of Loewner- 
Kufarev equation maps unit disc onto domain with quasiconformal recti- 
fiable boundary, or it has continuation on closed unit disc, or it's inverse 
function has continuation on closure of domain. 



1 Introduction 

In recent time there was a significant interest to evolution processes of domains 
in complex plane. This phcnomenas are well described by equations of Loewner- 
Kufarev type. 

Let D{t) be a simple connected domain in the complex plane, changing 
in time. Without loss of generality we can assume that D(t) contains origin. 
Let a function f(z,t) (f'(0,t) > 0,/(0,i) = 0) for each fixed t map unit disc 
D = {z : \z\ < 1} onto domain D(t). If D(t\) C D(t 2 ),t 1 > t 2 , then function 
f(z,t) satisfies the Loewner-Kufarev equation 

^ = -^zp(z,t),zeB, (1) 

where p(z,t) : ID) x [0, +oo) — > C is such that for each fixed t € [0, +oo), 
$tep(z,i) > 0,p(0,t) > and for each fixed zei, p(z,t) is mesarable on inter- 
val [0, +00). Making change of variable fl} we can assume, that for each fixed t 
function p(z, t) belongs to class V, consisting of functions p(0) = l,$tep(z) > 0. 

Such type equations arise in description of Hele-Show flow [H |T5l HH [22] . In 
paper [5] L. Carleson and N. Makarov used this equations for the study of DLA 
processes. Parametric method of representations of univalent functions [TJ [T7] 
is based on this approach. The importance of this method and approach is 
shown by L. de Branges proof of famous Bieberbach hypothesis [4], that was 
the central problem of functions theory for long time. 

If p(z, t) = liJ ( t)~^l , where u(t) is real function, then equation will be Loewner 
equation [11] . Recently there was a great activity in the study of this equa- 
tion [9l [T0l [19l [20] , there u[t) describes one-dimensional Brownian motion. In 
this case equation JT]) becomes Stochastic Loewner Equation (SLE). The study 
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of geometrical characteristics of solutions of SLE, by various parameters of Brow- 
nian motion is of a great interest. 

In paper j!3j it was proved, that solution of Loewner equation maps unit disc 
on quasislit-disc if and only if function u(t) is Hoelder continuous with exponent 
1/2. Also in it was shown if equation 

|u(t)-u(s)| 
mf sup , — < c, 

c>°\t-s\<e y/\t-a\ 

holds for some small c > 0,( in paper of Lind [H] was proved, that c = 4), when 
solution of Loewner equation maps unit-disc on quasislit-disc. 

Let V 8 be some some subclass of class V and VT S be a class of functions 
p{z,t) : ID) x [0, +oo) — > C such that for each fixed t £ [0, +oo), p(z,t) £ V s 
and, for each fixed z £ D, p(z,t) is mesarable on interval [0, +oo). The main 
goal of this paper is to find conditions of class V s , under that the solution of 
equation ([1]) with p(z, t) £ VT s will have certain boundary behaviour. 

Similar question was studied by J. Becker. In papers it was proved, if 



p(z,t)-l 



€k<l, 



p(z,t) + l 

then solution of equation |T]) has quasiconformal extension. Recently A. Vasil'ev [! 
gave a description of p(z, t) under conditions that, solution /(z, t) of ([1]) has qua- 
siconformal extension for each t. 

In the papers [8] were discussed problems of a similar nature, but from the 
point of view of covering and distortion theorems for various classes of univalent 
functions, corresponding to various classes V a . 



2 Behaviour of inverse function 

Let us show that the study of boundary behaviour of solution of equation JT]) 
for various classes VT s , can be reduced to the study of Loewner-Kufarev ODE. 

Let us consider a function w* (z, t, s) = / _1 (/(z, t^), t±), that satisfies the 
following equation 

— - — = w*p(w* ,ti), w(z, s,s) — z, z £ D. 
at i 

Let t\ change from to t, and <2 = t. When w(z,0,t) — f(z,t). Assuming 
that t = 1 — t\, we have, that w{z,t) = f(z,t), where w{z,t) is solution of 
equation 

^ = ~ W p(w, r), w(z, 0) = z, z £ ED. (2) 

UT 

We have the necessary result. 

Theorem 1 // there are constants < a < 1 and C\, C2 > such that 



2 



\p(z,t)\ Ci 

< 7i Zw r = Fl> ( 3 ) 



$tep{z,t) (1- r) Q ' 

»ep(z,t) >C 2 (l-r) Q , r= \z\. (4) 

T/ien inverse function to solution w(z, t) of equation 0) has a continuation on 
boundary of domain iu(D, t). 

Let us consider a integral curve S( ZOl t ), passing through point (zq, to), and find 
estimate on it's part, laying in cylinder C r — {z : 1/2 < r < \z\ < 1}. 
Separating the real and the imaginary part in equation (j^J, we have 



% = -p$tep(w,t), 
^ = -Zmp(w,t), 



(5) 



where p = |io|. 

From system ((SJ follows that function = |w(.z,f)| is monotonic on t. 
Thus, we can make a change of variable in equation (jlj) from t on p. Making it, 
we have that length of part of integral curve S( ZOj t ), that laying in cylinder C r , 
equals to 




/dw\ 2 {dt\ 2 , 



\ dp J \dp 
Using inequalities (J5J), J4} and |w(z, £)| ^ z we obtain 




Where C3 is some constant, that depends only on Ci, C2. Thus, 

lim/ s (r) = 0. (6) 



♦1 



Let be a solution of equation (J2), passing through (zo,io) an d r 

be minimal number, for that w(z, t) exits on interval (r, to)- Using monotony 
of |«;(z,i)| on t and ([6]), we have that there is \im w(z,t) — j(zo,to) and 

ItC^o, *o)| = 1 

Let define a function St^Zojto), \z\ 1,0 t\ $J to in a following way. If 
i«(z,f) solution of equation with initial condition (zo,io) exists for t\, we 
assume that St x (zo,io) = w(z,t%). Let Qq be a set of pairs (z, to) for that this 
is true. Let, s tl (z ,t ) = 7(^0, *o), if 2 € Qi = {(zo,*o) : M < 1, (zo,t ) 4- <2o} 
and if z € Q 2 = {(zo,*q) : |zo| = 1}, then s tl (z , *o) = (zo,*o)- 

Let us show that function {zo,to) is a continuous one. 

By theorem of continuous depending of solution form initial conditions for 
differential equations in integral from (see for e.g. [18] p. 182), set Qo is open 
and function Sj 1 (zo;io) is continuous on it. 
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Let (zo,to) € Q2 and point {z' ,t') satisfy the following equation \z$ — z'\ + 
\to— 1'\ < e. The length of part of curve w(z, t), passing through point (z' , t') and 
laying in cylinder C e , is not greater then C^e a . So we have following inequality 

\s tl {zo, t ) - s tl {z', t')K C^- a + e. 

This inequality means that function st 1 (z,t) is continuous on set Q2- 

Let {zo,t ) £ Qi, t* , such that 1 — \w(z,t*)\ = 2e (for enough small e such 
point exists) and O be neighbourhood of point (t*, w(zq, t*)), that is defined by 
the following inequality 

\t*-t'\ + \w(z,t*)-z'\<e. (7) 

Using the theorem of continuous depending of solution form initial conditions 
for differential equations we have, that there is 5 > so that, form inequality 
l*o — t'o\ + \ z o — z' \ < S follows that w*(z', t 1 ) e O, where w*(z, t) integral curve 
passing through point (z' , t' Q ). Taking into account, that the length of parts of 
integral curves w*(z,t) and u>(z, i), laying in cylinder C2 £ , is not greater then 
2C 3 (2e) 1 - Q , we have 

M*b>*o) - suiz'M < 2C 3 (2ey- a + e. 

This inequality means that function st 1 (z,t) is continuous on set Q\. Noting 
that f~ 1 (z,t) = s (z,t) we have the necessary result. 

3 Boundary behaviour 

Theorem 2 Following statmets are true: 
1. If inequality 

Vtezp z (z,t) ^ k + , l_\ fc<ljr=w (8) 



\z\3lep(z,t) 1-r \{l-r) a 

holds, then function w(z,t) is Hoelder continuous with exponent 1 — k in 
closed unit disc. 

2. If inequality 

Mez Pz (z,t) 1 x 



\w\Rep(z,t) \(l-r) a - 

holds, then function w(z,t) maps unit disc on domain with rectifiable and 
quasiconformal boundary. 

In the proof we are using ideas similar to ideas in papers [3 [8] . 
Differentiating equation ^ on z, we obtain 

= - WzP ( Wj z ) - ww z p z (w, t), \z\ < 1, w z (z, 0) = 1. 

at 
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Making change of variable from t to p, we have 

dw z p(w,t) +wpz(w,t) 

dp p3?ep(u>,t) 
Integrating of this equations gives us 

w z (z, t) = e Jr i p!Rcp . 

From that we have 

K(z,i)| < e J -i P + -^T d P. (10) 
Taking into account what n = O(t) and inequality ([5]), we have 

Ci(i-M) fc <K(^t)i<c a 1 k . 

(1 - |z|) A 

From this follows that, function w(z,t) is Hoelder continuous with exponent 
1 — k in closed unit disc (see for e.g. [T7] p. 300). First part of the theorem is 
proved. 

Taking into account (J9j) and ([TO]) , we have that, there is to such that for 
all t < to we have \w z (z,t) — 1| ^ 1/4. Let us consider three points on circle 
Z\,Z2,Z3, so that point z 2 lays between points zi, 2:3. From equality 

/•Z2 

|u>(2i,t) - w(22,*)| = / w z (z,t)dz 



we obtain 



So we have 
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-\zi - z 2 \ < |w(zi,t) - w(z 2 ,t)\ < -|zi - z 2 |. 



- w(z 2 ,Q| < 5 \zi - z 2 \ 
\w(zi,t) - w(z3,t)\ 3 \zi - z 3 \ 

Therefore, boundary of domain u>(ED, i) is quasiconformal curve and function 
w(z,t) have quasiconformal extension on hole complex plane, for t < to. 

Let fi(z) = Wi(z,t*), where t* = t/n,i = 1,2, ...,n and Wi is solution of 
equation 

— 1 = Wip(wi,t - it*),Wi(z, 0) = z. 
dt 

When 



w(z,t) = fi o / 2 o .. . o /„. 

Thus choosing n so that t* = t/n < to we have that all fi, i — 1, . . . , n have 
quasiconformal extension. Therefore w(z, t) as well. Also we have |w z (z,i)| ^ 
(3/2)™ so w{z,t) maps unit disc on domain with rectifiable boundary. The 
second part of theorem is proved. 
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4 Examples 



In this section we consider various subclasses of V, that have a simple geomet- 
rical description and satisfy conditions of theorems [T] and [2] Let f2 be convex 
subdomain of the right half-plan and Vn be class of functions p : ED — > fi. 
Through pq we define a map from ID onto ft. Any function p € Va can be 
represented as pQ(tp(z)), where tp : D — > ED and y(0) = From this and Schwarz 
lemma follows that if function satisfies conditions of theorem [TJ then all 
functions from class p € Vq also satisfy the conditions. 
Let us consider a characteristic of function p: 

tt(pj = sup , 

z|<i iKep(zj 

and show that H(p(tp(z))) < H(p(z)) far all ip : © -> P. 



(l-\z\*)(l-\<p(z)\*)\<f/(z)M<p(z))\ 



(l-|^(z)| 2 )5Rep^(z)) 



Tacking into account that 



(i-|*rW(*)l 
(i-l^)l 2 ) 



^ l, 



we obtain the nessary result. 
We have 



Vtzpi(z) < p'(z) 



\z\$tep(z) SRep(z) (l-r)(l + r) 



W(p) 



If ^ 1 + e, then 

l+r ^ 5 



3iezp'(z) H( P )(l+e) 



for |z| > r. Taking into account that 
e > we have that 



\z\Rep(z) ^ 2(1 -r) ' 

is bound in disc \z\ < r, for all 



5Rep(z) 



jReV(^) tt(p)(l + g) 
|z|Kep(z) " 2(1 -r) l(l-r) c 



'((1 - r) Q )' 



Thus to find some result for class Vn, it is sufficient to study only function 



pn- 



Theorem 3 If 5ftep(z, t) ^ k > 0, £/ien junction p{z, t) satisfies conditions of 
theorem [TJ 
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In this case VL = {z : diez > k} and function pn = (1 — fc)f^f + k. We only need 
to show that equation is true. Assuming z — re % ^ , thus we have 



From this 



\Pn\ 



l+(l-2fc)re' 



+ (l-2fc)re'-» 



-,0 < r < 1,0 e 



\p Q \ _ y/l + 2(1 - 2k)rcos(f>+ (1 - 2/c) 2 rV 1 - 2r 

cos + r 2 



ftepn 1 - 2/cr cos <fi - (1 - 2/c)r 2 

Calculation of derivative on ip gives us that maximum of this function can 

2kr 
l-r 2 +2kr 2 



be only in points cos0 = ±1, cos0 = , _ 1 k I ?k . 2 ■ Thus 



- M <max/ / ( 1 + ( 2fc - 1 > 2 ) 2 



IV (l-r 2 )(l- (1 -2fc)r 2 )' J ' 



5Rep n SRepfi I y (1 - r 2 )(l - (1 - 2fc)r 2 ) 

Taking into account that 1 > k > we have that there is a constant C\ > 0, 
such that 

|pn| < c _ 1 



3?e Po ^ (l-r)V 2 ' 

Theorem 4 7/0 < a < 5ftep(z,i) < 6 i/ien i/ie solution w(z,t) of equation Q) zs 
Hoelder function in the closed unit disk and the boundary of domain the w(H,t) 
is a Jordan curve. 

In this case Q — {z : a < 3mz <6},0<a<l<6<oo and pn(w) — 

b—a i ]__. 1+z I a+b 
2 7T 1U & 1-2 " r 2 ■ 

|2\6-a 1 



(1 _ | z |2)6_£ 

At(pn) = sup - 



I b ~ a am 1 + Z 1 a + b 



Assuming z = re !7r we have 

(l-r 2 

H(pa) = 



l-r 2 e^|(argi±^;+5) 



where 5 = tt^. Thus 

b—a 



(1 -r 2 ) 



|l-r 2 e^|(argi±^;+5) 
Taking into account that 

1 + re^ 2rsin-0 

arg -— = arctan — 

6 1 - re** l-r 2 
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and 

|1 - r 2 e i2 *| = Vl-2r 2 cos2?/> + r 4 = ^(1 - r 2 ) 2 + 4r 2 sin 2 ?/-, 
we obtain 



\/T+ a; 2 (arctan 2; + <5) ' 
where x = 2 ^'"^ ■ Using V 1 + x 2 arctan x ^ 1 we have 

w(*0 < ^ 

Therefore function t) can be extended to a Hoelder function in the 
closed unit disk with exponent 1 — i+ 1 ^ b £ +a for each e > 0. Thus boundary L of 

domain w(U>, t) is curve. From previous theorem we have that inverse function 
of w(z, t) is continuous on closer of domain w(B, t). So each point from L has 
only one preimage. This means that L is Jordan curve. 

Theorem 5 // 

$smp(z,t) , , 

Vtep(z,t) <C ' ( j 

i/ien i/ie solution w{z, t) of equation is a Hoelder function in the closed unit 
disk and the boundary of domain the w(D, t) is a Jordan curve. 

In this case fi is a sector, symmetrical with respect to real axis, with angle 
2 arctan C. Thus pn = ( ) , where a = ^ arctan C. 



H(pn) 

Assuming z = re 1 ^ , we have 





1+2 


a-1 

2 


1-z 


|l-z| 2 


Re I 





W(Pn) 



l_ re i<Z>|a + l 



^(«f^) Q +(f^) Q ' 

Thus 

4a(l + 2r cos0 + r 2 ) 2 ^ 1 (1 — 2rcos</> + r 2 ) i 



H(pa) 



3?e(l + i2rsin0- r 2 ) Q + (1 - i2rsin<?!> - r 2 ) Q 
Note that 

5R(l±i2rsin0-r 2 ) a ^ (1 -r 2 ) Q , 
and equality achieves only for sin^i = 0. Note that 



8 



4(1 + 2rcos</> + r 2 )T~(l - 2r cos (j> + r 2 )^ < (1 - r 2 )^ 

and equality achieves only for cos</> = ±1. Thus H.(pn) = 2a. So, function 
w(z, t) is Hoelder continuous in closed disc with exponent 1 — a — e. 

From inequality (fTTj) follows that ^ VY+Tj^Repniz) or conditions 

(|3j) in theorem [1] Taking into account previous argumentation we have 

(l_ r 2\ a (l- r )<x 
F y ' (l + r) 2a (l + r) Q ' 

this means inequality Q . Repeat argumentation from proof of theorem we 
have the necessary result. 

5 Application 

Often in many phenomenas, that are described by Loewner-Kufarev equation, 
function p{z, t) is defined by integral representation. It is well known, what any 
function p(z), ^Step(z) > can be represented as 

e 10 + z 
-To — <*/x(0), 



where fi(6) is a non-decreasing function. 
Let £(<?) = n'{6). Thus if 



m \f'(e i6 )\ 



2 ' 



then equation ([TJ) will describe the Hele-Show flow. L. Carleson and N. Makarov [5] 
used 

£(0) = inf{e : dist(f(e l9 (l - e),t),df(B, t)) = 6}, S > 

for the description of processes similar to DLA. In this part we connect behaviour 
of function with boundary behaviour of solution of Loewner-Kufarev equa- 
tion. 

First let us assume that < a < £(0) < b. Then taking into account that, 
p(0, t) > 0, we can make a change of time from t on r in equation [T] so, that 
P*(0,t) = 1 andp*(z,i) = §pp{z,t). We obtain that § < p*(z,r) < Thus 
function p*(z,r) satisfies conditions of theorem and we have that solution of 
Loewner-Kufarev equation maps unit disc onto domain with Hoelder boundary 
that is Jordan curve. 

Let us add condition on £(0), that it is Hoelder continuous this exponent 
< k < 1. Taking into account that (see for e.g. [14] p. 69-79) 

\ P ;(z,t)\ = o' ' 



(i - r y- k 
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Note that Rp(z, t) > | we have, that the function satisfies conditions of item 2 
in theorem [2j So we have that the solution w{z, t) maps unit disc onto domain 
with rectifiable and quasiconformal boundary. 
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